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Abstract

Proximity spaces belongs to a very important section of topological spaces. Many important properties like fiberwise
proximity spaces have been studied in this context. In present paper authors have been introduced absoluteness in R-
proximity spaces. After introduction several results and new theorems are being proved as a conclusion of this concept.

Keywords
Topology, Proximity Spaces, Fiberwise Proximity Spaces, Absolute

INTRODUCTION
Extremally disconnected spaces play a crucial role in the theory of Boolean algebras, in axiomatic set theory and in some
branches of functional analysis as well, in the classical context, there are several methods of obtaining the absolute of a
regular topological space. In one of these methods, the absolute of a regular topological space X is realized as the Stone
space of the complete Boolean algebra of the family of regular closed sets; while in another, the absolute is obtained as a
dense subspace of an extremally disconnected subspace E(X) of the product space TT{4:acU (X)} ,where & is the discrete
topological space and U (X) is the collection of all regular covers of X.

In the present paper, the proximal absolute (p-absolute) of an R-proximity space is obtained as a dense proximal
subspace of the proximity space T(X), a closed proximal subspace of the product proximity space T, of all discrete
proximity spaces.

SOME PRELIMINARY CONCEPTS
In the present section, by X we shall mean an R- proximity space, RC(X) will denote the set of all p-regular covers of X,

RCo(X) is the refined and directed family of all p-regular covers. For a. € RCy(X), 0. denotes the discrete proximity

space. Further, To(X) is the collection of proximal threads in RCy(X), endowed with the induced proximity by T,. Let Xo
be the set of all distinguished proximal threads in RCy(X) together with the induced proximity by T,.

Definition 1.1: A mapping HE)( :Xo — X of the proximity space Xo of all distinguished proximal threads in RCy(X)

into the R-proximity space X defined byl_[g( (&) = N{A : A&}, is called a natural mapping generated by the family

RCy(X).
Remark 1.1: If we consider RC(X), we obtain the proximity space T(X) of all proximal threads in RC(X) and the

proximity space X of all distinguished proximal threads in RC(X).
Obviously, X c T(X) c To=] [{6, & € RC(X)}.
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Definition 1.2: A proximally continuous mapping f from a proximity space X onto a proximity space Y is called p-
irreducible if Y is not the image under f of a closed set F in X, other than X.

Definition 1.3: A proximity space X is called extremally disconnected if for every open set U in t(5) in X the set U is
not only closed but also open in X with respect to the induced topology t(3).

Definition 1.4: A proximity space X is called a proximal absolute or p-absolute of the R-proximity space X if, X isa
p-irreducible perfect pre image of X and every p-irreducible perfect pre image of X is p-homeomorphicto X |

Theorem 1.1: Let f: X — Y be a p-irreducible, p-closed mapping and f(X) =Y. Then for every open set U in X, the set
i ( U) is open, non-empty, is contained in U and is proximally dense in U, where f* ( U) ={yevY:fly<<u}

Proof: Obviously, fflf#(U) is non-empty. Let x € fflf#(U). Then f(x) € f#(U).

Hence T (x) << U or T ™ (f(x)) X-U. Since f is p-closed, f(fF L (fx)  FX-U)orf(x) £ (X-U)ie. f(x) <<Y
—f(X-U) or f(x) << ¥ (U), since 7 (U) = Y — f(X-U). Thus, by the p-continuity of f, x ¢ T (f(x)) << f* f* (U) and
hence x << T71 7 (U). Consequently, T~ ¥ (U) is open in the induced topology.

Next, we must show that T % (U) c U. Letx e T % (U) orx e T~ (Y - f(X-U)). So, f(x) € Y — f (X-U). This gives
x & X-Uorx X-Uorx << U. Consequently, T f* (U) c U. That T £ (U) is proximally dense in U, follows by
using the fact that for any open set U contained in U, f* (U') % ¢.

Result 1.1: Let f: X — Y be a p-irreducible, p-closed mapping. Then f U = f U for every open set U in X and the
image of every p-regular closed set in X is a p-regular closed setin Y.

Result 1.2: A dense proximal subspace X, of an extremally disconnected R-proximity space X is also extremally
disconnected.

ABSOLUTE OF R-PROXIMITY SPACES
Theorem 2.1: Let X be a R-proximity space and RC(X) is the family of all p-regular covers of X. Consider the Tychonoff

product To = [J{6, & € RC,(X)} .Then X = T(X) = T,. suppose that X and T(X) are assigned the subspace
proximity induced by T,. Then the following hold-

(i) T(X) is closed in Ty;

(i) T(X) is compactum (compact and separated);

(iii) (i) the subspace X < T(X) is proximally dense in T(X).

Proof: (i) Let & ¢ To = | | {64 & € RC, (X))} and &€ (T(X))T . We must show that & e T(X) i.e. & is @

. 0 0 . .
proximal thread. Let @, 0, e RC(X) and @, = 0., Let us consider the coordinates Aal and Aaz of & in the discrete

. A A o 0 0 . .
proximity spaces G, and G., respectively, i.e. {A” }=g N a,, {A" }=&n a,. Itisrequired to show that
ay a2

A° ¢ A’ et N (A", A ) be a proximal neighborhood of & in To. Since & e (T(X)) , then every
ay ap
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proximal neighborhood of & in To meets T(X). Let & be a member in the intersects T(X) N N (A’ | A% ). It follows
al ay

0
cA
ai

. . 0 A0 . . 0
that & is a proximal thread and A" , A" e & Since @, > 0., it follows that A
a1 a2 a

(i) Obvious.
(iii) Follows from the fact that

(Ag)NX = (A0,

2

where <AO> —fEe T(X): Ao e &}, (Ap={t e X : A e £}

Theorem 2.2: A binary relation IT" on P(X) defined by: for A, B € P(X ) “A M B if and only if thére exist (A), (B)

P( X ), A, B € R(X) such that A < (A), B (B)and A  B” satisfies the following properties —




(i) IT is symmetric;
(ii) (AUB) M'CiffAa I Cand B HI" C;
(iii) A N B # ¢ implies A 1" B;

where (A)={¢ € X : A € &}

Proof: Suppose (A U B) FI" C. To show 4 Y C and B HI" C. Since (A L B) " C, there exist (A), (B) e P (X ) such
that (A U B) = (A), Cc(Byand A Bie Ac(A),Bc(A),Cc(Byand A B. It followsthat A 1" Cand B 1" C.

Conversely, suppose that A " C and B FI" C. Then there exist (A), (B), (C), (D) € P (X ), where A, B, C, D € R(X)
satisfying A c (A),Cc(B)and A B.Also, Bc(C),Cc(DyandC D.SinceA BandC D,weget(AuC), (B
N D). Now, A < (A), B (C)imply AU B (A)yu(Cyand C c(B), Cc(D)gives C c (B) (D). It follows that (A
uB) X" C.

Theorem 2.3: Let (X, 8) be a R-proximity space. If RC(X) is the family of all p-regular covers of X, X is the space of

all distinguished proximal threads in RC(X) and HX X —> X is the natural mapping. Then, for every p-regular closed
set Ay € R(X), we have equalities:

@ TTx ({Ao)) = Ao

®) T ((Ay)) = IntA,, where T ((Ag)) ={x € X:TTx x << (Ag)}.

Proof: Let § € <AO> . Then A, € &. But by the definition of [ I, [[,E=N{A: A&} ={x} A, ie.
[I,E€A,. Thus,

[y (<Ao>) cA 1)

Conversely, let X, € A,.Then there exist a proximal thread &, distinguished at X, for which A, € &, ie. £, € X,
A, e, and {X }={A:Aec&,} . Thus { € <A0>and

[ &, ={x,}. Hence A, = I1y (<A0>) @)
From (1) and (2)

[, (<A0>) =A,.
(b) Let X, €IntA,. Then X,<< INtA, and A, € a,. We must show that X, € [ 15 (<A0>). Let us consider any
distinguished proximal thread &, for which [ 1, & ={x,} i.e. {X,}={A:A€&}. Theset A, €, representsa

distinguished ~proximal thread. Hence &€ <A0> o But [I3x,= {Zj, eX: (WA:Ae&}= {XO}}so that
[Tx, < <Ao> . This gives X, € IT; (<Ao>) . Thus, IntA, < T (<A0>) .
Conversely, letX, € [T} (<A0>) . Then by definition, [T} X, = {& eX: ({A:A €&} = {XO}} c <A0> . Then

A, €& forevery & el x,.

We must show that X, € In'[A0 . It suffices to show that & (o consists of exactly one element for each o, € RC(X).
Suppose that o, € RC(X) is such that A, € a,. To the contrary, assume that X, & INtA,. We would have A'O €0y,
A'0 #A, for whichX, e A‘o- Then there exists a distinguished proximal thread 2’;0 such that
XJI=MNA, A, et} andA,e&,. sSince a,eRC(X). Thus, & ellxx, andA, €&, Also, as
&, ellx,, A, €&, Thus we obtain, A, €&, Nay, A, €&, Na,, A, #A,, which is a contradiction to the
fact that &, is a proximal thread iff & is a x,-ultrafilter. HenceX, €INtA,. Thus[T} (<A0>) c IntA,.

Consequently, [ T} (<A0>) = IntA,.




Theorem 2.4: If X is a R-proximity space, then the natural mapping Hx ' X — X is p-continuous.
Proof: Let A, B e P(X) such that A B, for the p-continuity &° [T, itis sufficient to show that HQ(A) HQ(B) in

X .NowA Bimplies A << X-B. Since X is a R-proximity space,ﬁere exist C, D, U e P(X) such that A << C’c C
<< XU << D << X-B. Then A << [T} ({C)) =€ << x-U << D << X-B,since [T} ((A,))= INtA=A°

. This gives Hi(é\/) < C (by the definition Hf(). Now, X-U << X-Bie. B << U.
Similarly, since B << U° ¢ U, it follows that [T} (B) < U. Since C U, therefore [T (A) TT; (B). Hence the map

[1, : X — X is p-continuous.

Theorem 2.5: Let (X, 3) be a R-proximity space. Then the natural mapping HX ' X — X is a p-irreducible and
compact.
Proof: To show that HX is compact. Let X, e X. It is required to show that the subspace H; X, Is compact. Since

T(X) is compact, it suffices to show that H;i X, is closed in T(X). It is sufficient to show that & & H;i X, imply
& Iy X, Now, since [T, is p-continuous and & & [Ty X, therefore TT, (&) & TTy IT5 X, or TT, (&) & {X,}

or TT, (&)= N{A 1 A e &} = {Xo} or Xge NA A e & Thus & e [Ty X,. Hence TTy X, is closed. The
irreducibility of [ [, is implied by theorem 1.1.

Theorem 2.6: If X is a R-proximity space, then the natural mapping Hx ' X — X is a p-irreducible perfect mapping

onto X.
Proof: The p-continuity, compactness, and p-irreducibility of HX have already been shown in above theorem. It remains

to show that [, is p-closed. It suffices to show that A X" B implies I, (A) T1,(B), where A, B P (X ).

Suppose A W B, then, there exist (A), (B) € P (X) such that A = (A), Bc(BYand A B. Now, A < (A) implies that
[Ty (A) < T1, (A) or TT, (A) < A (since [T, (A) = A). Similarly, [T, (B) < B. Since A B, it follows that

[, (A) T1 (B). Hence the map [, is p-closed.
Theorem 2.7: Let f: X — Y be a p-irreducible, p-open mapping and f(X) = Y. If A;, A, are p-regular closed sets in X for
which f A= fAz, then A=A,

Proof: Since A;, A, are p-regular closed sets, therefore, by definition, A; = Int A, A, =Int A, . Using the result 2.7,

fA=f(IntA,)=f*(IntA,),

fA=f(IntA,)=f*(IntA,).

Also,

f(F* antA)) < £ ntf(A)) c A,

" (ntAY) < Tt f(A)) c A,

Since the set T (f* (Int Ay)) is dense in A and T (F¥ (Int Ay)) is dense in A,, we have
f(f antay) = (Intf (A)) =4,

fH(f anta)) = F(Intf (A,)) =A.

But by the equality f A; = f A, imply that Int f (A;) = Int f (Az). Hence using above, we obtain A; = A,.
Theorem 2.8: Let X be a R-proximity space and let RC(X) be the family of all p-regular covers of X. Then
Q) T(X) is an extremally disconnected compactum,

(i) X is an extremally disconnected completely regular proximity space.

(iii) X is a proximal absolute of X.




Proof: (i) Let G be an open set in T(X). It is to be shown that (E)T(X) is open in T(X). Since X is proximally dense in
T(X), then

(E)T(X) ZKG N X] - (ﬁ} ' @)
T(X)

X
T(X)

Let us write A; = [, (G N Xj and take A, the complement of A; in X.
X

Consider o = {A;, A} the p-regular cover of X, since both A; and A, are p-regular closed sets in X. Let (A;) = {§ € X
AL e &) (A ={¢ € X : A, € &} be clopen sets in X - We know that [, ((A1)) = Ai. Now (Ay) is a p-regular closed

sets in X and HX (AD) = HX [G N Xj , Where HX is perfect and p-irreducible, therefore | G N X =(Ay).

X X

But (@)T(X) = <A_\1> <A_\1> is a clopen set in T(X); hence <A_\1> = (®)T(X) = {G N X] = (G)T(X).

C tl,(G) is clopen in T(X).
onsequently 0 is clopen in T(X)

(i) Since T(X) is extremally disconnected, the dense proximal subspace X is also extremally disconnected. That X is
completely regular follows from the fact that it is a separated proximity space.

(iii) Follows from the fact that X is a dense proximal subspace of an extremally disconnected compact separated
proximity space.
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